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Stability criterion of coupled soliton states

Yijiang Chen
Optical Sciences Centre, Australian National University, Canberra, Australian Capital Territory 0200, Australia
(Received 21 March 1997; revised manuscript received 11 Novembe) 1997

By operator theory, we prove that the stability of coupled fundamental soliton solutions of two coupled
nonlinear Schidinger equations is determined lyP/dg criterion (with P the power or energy ang the
propagation constantExamples of the application of the stability criterion to the coupled fundamental soliton
states in nonlinear couplers, birefringent fibers, and birefringent nonlinear planar waveguides are given. The
predictions from the analytical stability criterion are consistent with numerical results.
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. INTRODUCTION U 1 , , ,
i E+Eﬁ+bu+f<v+n2(|u| +alv[*)u+n,puu* =0,
Optical solitons have been the subject of great interest (1a)
over last several decades following the works of REf3,
[2], and[3]. Either in view of understanding their dynamic dv 1 % ) 5 4
evolution or in view of their practical application, the stabil- | 7, T 5 zyz—Pv+Ku+ na(alul*+|v[%)v +nynucv* =0,
ity of solitons (which are defined here as stationary objects (1b)
of a nonlinear system is a critical property. Indeed, much
effort has been devoted to the study of soliton stabfity ~ Where«a(=0) is the cross phase modulation coefficient, the
20]. In general, the stability of soliton solutions of a nonlin- t€rms involvingz(=0) account for nonlinear coupling,
ear system requires a case by case analysis, very often rg-0 refers to the self focusing nonlinearity(=0) is the
sorting to a numerical approacfi7—19. Remarkably, linear coupling coefficient governing the coupling of the two
however, it was showri4—6] that there exists a stability Waves or pulses, ando2is the normalized birefringence or
criterion concerning the sign afP/dg for the fundamental the propagation constant difference of the two waves. For a
bright soliton solutions of the scalar nonlinear Satinger ~ birefringent nonlinear planar waveguide0], u and v in
equation that involves one wave, as was first demonstratelgds. (1) refer to the amplitudes of andy polarizations with
for the solitons in saturable nonlinear medid, later ex- @=A, 7=A/2,n;=1,b~(Bx— By)/2, andx=0. In the con-
tended to fundamental nonlinear modes in nonlinear wavetext of a birefringent fiberu andv can represent either the
guide structure$5], and further developed to the fundamen- pulsed wave amplitudes of theandy linear polarizations
tal solitary waves in media with arbitrary nonlinearf§]. In ~ With a=3%, =3, n,=1, b+0, and k=0, or the pulsed
various situations, a nonlinear system may involve two omwave amplitudes of the left and right circular polarizations
more wavespulses such as nonlinear couplers, birefringent With @=2, =0, n,=%, andb=0 and the nonzero coupling
fibers, and birefringent nonlinear planar waveguides. Natucoefficient « proportional to the birefringenceg(— 8,)/2
rally, it is interesting and important to find out whether [18,19,21. For a nonlinear coupley andv may stand for
dP/dg criterion can be extended to the stability of the fun- either the pulsed wave amplitudes of the symmetric and an-
damental solitons of the coupled nonlinear Scimger tisymmetric modes withw=2, »=1, n,=1/2, b(=C)#0,
equations governing two or more wave@s pulseg. To ad- and «=0, or pulsed wave amplitudes in individual
dress this issue, we conducted an analytical stability analysigvaveguides 1 and 2 with,=1 andb=0, negligible cross
We prove by operator theory that the stability of the coupledohase modulationv=0, and negligible nonlinear coupling
fundamental soliton states of the coupled nonlinear Schron=0 but«(=C)+# 0 [22—-24. Because of their conservative
dinger equations involving two waves or pulses is deternature, the general form of the coupled nonlinear Schro
mined by the sign ofl P/d3. Examples of the application of dinger equationgl) has three invariants, namely, the power
the stability criterion to the coupled fundamental soliton (for spatial solitonsor energy(for temporal solitons
states in nonlinear couplef47], birefringent fiberd18,19, B
and blrefr|r_1gent nonlinear planar wave_g.umﬂe.é] show that P:f (lul2+[v]?)dT, (2a)
the predictions from the analytical stability criterion are con- —w

sistent with numerical calculations.
the momentum

- i( du* du dv* dv
Il. COUPLED NONLINEAR SCHRO DINGER EQUATIONS M= — u —u* —+p ——p* —|dT
2 )\ dT daT daT daT) "’
We consider the coupled mode or coupled nonlinear (2b)
Schralinger equations governing the evolution of two waves
or pulses in a general form, and the Hamiltonian
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= (1 (|dul?> |dv|?
= — | | — ] _ 2_ 2
: joo[ZHdT +dT) b(ful*=1o [
|ul*+]ul*

-n, 5 + alul?|v]?+ k(uv* +vu*)

+g(v2u*2+u2v*2)HdT. (20

Ill. STABILITY ANALYSIS

The coupled nonlinear Schiimger equationgl) admit a
set of bright stationary solutions of the form,(T,2z)
=Une(T)expBz+idy) and v,(T,z)=v,(T)exp(pztid,)
(n=1,2,3,...), withu,4(T) andv,«(T) being the solutions of
the coupled ordinary differential equations

Ups ) 5
E W_(ﬁ_ b)uns+dl,eKUns+ No[Uns™+ (@= 7)vns Uns
=0, (39
1 0%

ns
2 ﬁz__ (B+b)v,st 0j,ekUnst Nyl (a=x 77)unsz+vnsz]vns

=0, (3b)

whered,=q,=1, along with the upper sign, corresponds to

¢,— ¢,=0 of the linear polarization, and.=q.=Fi (for
«=0 whenu,s andv g are real and the lower sign are for
¢u— ¢,= £ /2 of the elliptical polarization. These station-
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=1) soliton states of the stationary solutions characterized by
one hump in each amplitude profile of andv,s with no
phase(or 7 phase fork=0) difference between the two
components.

To reveal the stability character of the stationary soliton
solutionU=[u,v]{=S=[uys,vs]; Of EQs.(3), we can either
examine the invarianti=H + BP or analyze the linearized
equations

1 5%8u

_dou N
2 9T?

— —(B—b)du+d, ek dv+(2|uggl?

+ a|v14?) SU+UZ.U* + aly (v SV +v1500*)

* v 1s(2UTs00 +v156U% ) =0, (43
1 d%6v

_ddv N
2 gT?

P —(ﬂ+b)5v+q|’eK5U+(a|U13|2

+2|v14?) v+ v2.60* + av 1(UFSU+ UL SU*)

* U15(2070U+ U Sv*) =0, (4b)

obtained upon substitution ofi=(u;s+ du)exp(Bz+id,)

and v=(v,s+ dv)exp(Bz+ig¢,) into Egs. (1). This set of

linearized equations, in terms of the real and imaginary parts

du=a;+ib; and dv=a,+ib, [a;,~exp(yz) and by,

~exp(y2)], has forms of
—yA=L,B, (53

yB=LiA, (5b)

ary solutions are usually obtainable only numerically except
for some special cases. In the following, however, we willwith A=[a;,a,];, B=[by,b,];, subscriptt referring to

consider the stability of the fundamentdbwest ordern

&2
2 9T2
ek *2N277U3 0 15,

(92
z ﬁ—ﬁ'f‘ b+ n2[3u§3+ (Oli T])U%S],

Qjek+ 2ny(a* Uil s,

If real positive y>0 of Eqgs.(5a and (5b) for solutionsA
andB exists, the stationary stafis unstable. Otherwise, it
is stable. This is equivalent to the invariant

Hy=H+BP, (6)

being a maximum §?Hy<0) or minimum (§?H\>0) at
U=[u,v];=S=[uqs,v1slt, Since the stationary solutions of
Egs.(3) are those at whicléHy=0. In terms of the real part
of the perturbation functiond, the linearized equation$a
and(5b) read

— B+b+ny Ui+ (aF nvil,

transpose, and self adjoint operators

dl,eKiznZﬂulsvls
5 572~ B=b+nalvict(aF nui]
dl,eK+2n2(ai 7)U1gl 15
1 5 (5
Eﬁ—ﬁ—b+nz[3vi+(ai ﬂ)uis]
T
LoL;A=—92A. (5

For the fundamental solitor8=[u4s,vs]t, OperatorL, has

at least one positive eigenval{leecausd. ;(dS/dT)=0 de-
rived by taking derivative of Eq€3) with respect tal, and
dS/dT is not the fundamental eigenfunction of], whereas

L, has zero as its largest eigenvalue with the fundamental
eigenfunctionS [i.e., L;S=0 of Egs.(3)] and all the other
eigenvalues of ; are negative. This fundamental eigenfunc-
tion S of Ly is orthogonal toA as y(S|A)=—(S|L,B)
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=—(By|L(S)=0, where(G|K)=f*_.G;K dT. Thus, so far

as the solution# with y#0 are concerned, E¢5) needs to ; c1ass1/’/ i
be solved only in the subspace orthogonattdn this sub- 6] M\ E
space the inverse operalog * exists; and for the fundamen- 53 7 3
tal soliton stateS=[uss,v1);, the operatorLy(Ly ) is % 44 .‘C_MT/
negative definit€because all the eigenvalues lof or Lgl 3 j ms 1
are nonpositive The variational principle can then be ap- 2 [Class1. Ak
plied for obtaining the largest valug? of Eq. (5¢) 1 j i AW
01 sl T s s D155 asT 459 461} 463
, (AJL1A) By B PAR R
=max (7) 7 (a) (b)

—(AlLg'A)

FIG. 1. EnergyP vs propagation constagtin (a), andH of Eq.

Since the denominator (AL, *A) is a positive quantity (29 versusP in (b), for a nonlinear coupler.

ensured by the negativenessi_qfl, the value of the numera-
tor of Eq.(7) G= ma><At|2|— 1A) decides whether there exists |, along with the fact that the number of the positive eigen-
an exponential growthy”>0 from a perturbation for the values ofL, changes only at a bifurcatidisee Appendix &
fundamental soliton stat8. If G>0, a realy>0 exists, im-  These details will be illustrated in the following examples.
plying that the fundamental soliton state is unstal@es 0

means thaty is imaginary, and no exponential growth results |\, sTABILITY OF FUNDAMENTAL SOLITON STATES

from a perturbation. W.ith the help of the L'a'lgrange.multiplier IN NONLINEAR COUPLERS
technique, together with spectral analy&igth details del-
egated to Appendix A we find that the signy’~G We first consider the stability of the fundamental soliton

=maxA|L,A), and that the stability of the fundamental states in nonlinear couplers as an example of application of
solitons of the coupled nonlinear Schinger equations is the stability criterion. For a nonlinear coupler, the analysis
determined by the number of the positive eigenvalues of opcan be based on either the composite symmetric and anti-
eratorL, and the sign oflP/dg. If L, has one and only one symmetric modes oti=us andv=u,, or modes of indi-
positive eigenvalue, dP/dB>0 [P=/"_(Ju/> Vidual waveguides ofi=u; andv =u, which are related to
+|v14/?)dT] corresponds to the stable soliton st@e-y2  the former byus=(u;+u,)/v2 andu,=(u;—u,)/v2 [25].

<0, whereasiP/d8<0 is associated with an unstable soli- In terms of the symmetric and antisymmetric modes, the pa-
ton state G~ y?>0). On the other hand, if; has two(or ~ rameters in Eqs(l) take a=2, =1, n,=3, b=C, and«
more positive eigenvaluesG~ y>>0 and the soliton state =0, and withu=u;, v=u,, a=7=b=0, n,=1, and«
S=[Uys,v1s]; IS unstable. =C in Egs.(1). By settingu, v =usg, Ua, OrUy Uy, Eqgs.(3)

This stability criterion involving the number of the posi- can be shown to support two families of the fundamental
tive eigenvalued ; along with the sign ofdP/dg for the sollton_ sates. One class of the stationary solutions has the
stable soliton stat& is, in fact, a direct consequence of the analytical form
normalized HamiltoniarH of Eq. (6) being a local mini-
mum atU=S. The reason is that the normalized Hamiltonian Uis=2VB— K secly2(B=x)T], v1s=0. (83
Hy at S for a stable state achieves a local minimuid

_o.if in terms of the symmetric and antisymmetric modesand

U,, or

6°Hn=—(B|LoB) — (A{LA), Ups=v1s=2(B— k)secH V2(B— k) T] (8b)

derived by substitutingi= (u,s+a, t+ib;)exp(Bz+i¢,) and in terms ofu; andu,, which can survive abovg> k. The
v=(vsta,+iby)expiBz+ig,) into Eq. (6), is positive,S  other class of stationary solutions has nonzero or different
is stable. Otherwise, it is unstable. Sincg for the funda- magnitudes in both components, and can only be obtained
mental solitons is negative definite;(B|LoB) is positive. numerically[see, e.g., the inset of Fig(ad]. This class of
Also, G=maxA|L;A)<0 or —(A|L;A)>0 whenL, has solutions exists above a certain critical valge: 3., and it
only one positive eigenvalue artP/dg>0, as aforemen- bifurcates from the family of the soliton solutions of E§)
tioned. We then conclude thafHy>0, correspondingto a at B=8., as shown in energy P[=/"_(Jud?
local minimum of Hy or a stable soliton state, when +|v,¢?)dT] versusg diagram of Fig. 1a), where the family
dP;/dB>0 andL, has one positive eigenvalue. of solutions(8) is referred to as class | and the other one is
This stability criterion derived above for the fundamentalidentified as class Il in the figure. The bifurcation occurs at
soliton states of the coupled nonlinear Satinger equations B=8.=32«, which can be derived from a perturbation
simplifies the stability problem from solving the coupled or- method.
dinary differential equations of Eq&sa) and (5b) involving For class Il solutions with nonzero or unequal magnitudes
operatord_ 4 andL ; to the determination of the numbprof  in both components that bifurcates from class | solutions at
the positive eigenvalues of operatar; and the sign of B=pB., operatorL; has only one positive eigenvalue.
dP/dB. The numberp can usually be derived analytically dP/dB>0 then indicates stable soliton sates, corresponding
either by solving the eigenvalue probldmh=X\h directly  to the solid curve of Fig. 1class 1), anddP/dB<0 implies
or by examining at limiting points the positive eigenvalues ofunstable soliton sates, identified by the dashed curve in the
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figure (class I). This conclusion on the stability of class Il
soliton solutions is consistent with the numerical stability
analysis[17].

The fact thatL, for class Il soliton solutions has one
positive eigenvalue here is derived by recognizing ftaat
the number of the positive eigenvaluelof can change only
through a bifurcationsee Appendix B and there is no bi-
furcation over its existence region betwegs 8. and 8
—oo [Fig. (@], and(b) L4 has only one positive eigenvalue
at B—ow. At B—o, u;#0 andu,—0 or u;—0 andu,
+0, and operatol;~ B[ ;1 bl or Ly~ B[k b, with

Lyo=[ % a(\28T)?]— 1+ 6 sech(y28T) and Ly
=[%d(\2B8T)?]— 1. Because of its diagonal, the eigenval-
ues of operatoL; are a superposition of the eigenvalues of
Lio and L. By directly solving the eigenvalue problem
L10,11f =N1014f analytically, or by borrowing the result from
the analysis for linear waveguidg26], L is found to have
only one positive eigenvalue;o,= 3 with the second eigen-
value\ 1,s=0, andL ;; has no positive eigenvalue. Operator
L, then has only one positive eigenvalug=38 at g8

—oo, and consequently has one positive eigenvalue over it

whole existence region.
For the class | soliton solutions of E¢B), L, has only

one positive eigenvalue as well below the bifurcation value

B<B.; and accordinglydP/dB>0 means that this class of
soliton states is stable f@< 8. (marked by the solid curve
in Fig. 1). This conclusion of one positive eigenvalue of
operatorL ; below B8< g, for class | soliton solutions is de-
rived by directly examining the eigenvalue problemf
=\ owith Ly=[;% 0 1, Lyo=3(6%dT2) - B+k+6(8

Lia
—k)sech[\2(B—«) T] and L1,=2(3%/9T?) — B—k+6(B
— k)sech[\2(B— k) T]. For anyB(> k), L is found ana-
lytically to have one positive eigenvalue;s,=3(8—«),
and its second eigenvalug,=0. The largest eigenvalue of
L1z iS N5 =3B—5k, which is negative belowg<g.
=32k. Therefore,L; has only one positive eigenvalug ,
=3(B— k) below bifurcation< ..

On the other hand, above the bifurcatigi> 8.=3«,
N1aL=3B—5«>0; operator_, for the class | soliton solu-
tions has two positive eigenvalues;,=N\;s, and Ny, -
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FIG. 2. EnergyP vs propagation constagin (a), andH of Eq.
(20) vs P in (b), for a birefringent fiber. The solid curves represent
stable solitons, dashed curves unstable soliton states, and dashed-
dotted curves higher order soliton states.

for B>k, and the other is the fast soliton
Uis=0, v1s=V2(B+k)secl V2(B+k)T]

for B>pB.=1.53, in terms of the linear polarizations. In

(9b)

terms of the circular polarizations, the solutions are

Uis=V1s= \/ﬂ—KseCf'[ \/Z(B_K)T] (9a)
for the slow soliton, and
Uis= —U1s= VBt k secH v2(B+«)T] (9b)

for the fast soliton. These are the fundamental states because
L, for the slow soliton abovg8> « and for the fast soliton
above the bifurcation valug> B8.= 1.53 (where higher or-

der elliptically polarized solitons emergéas no positive
eigenvalue. The corresponding enerBy=2+2(8— k) of

the slow soliton and®=2+2(B+ k) of the fast soliton are
plotted graphically in Fig. 2.

For the fundamental solitons, we can apply the stability
criterion. Following the analytical approach of Sec. IV, op-
erator L, for the slow soliton is found to have only one
positive eigenvalue in the region of its existeng&>(«), but
for the fast soliton it has two positive eigenvalues abgve

Consequently, class | soliton states become unstable aboveg.. ThusdP/dB8= y2/(8— x)>0 means that the funda-
the bifurcationB> B., as identified by the dashed curve in mental slow soliton in the birefringent fiber is stable. On the
Fig. 1. These conclusions from the stability criterion for classother hand, the fundamental fast soliton abg@ze 3. is un-

| soliton states again agree with the results from numericaétable in spite of itelP/dg>0. These conclusions are con-

calculationg 17].

V. STABILITY OF FUNDAMENTAL SOLITON STATES
IN BIREFRINGENT FIBERS

A second example of the application of the stability cri-

terion is the stability of the fundamental soliton states in

birefringent fibers. In terms ot andy linear polarizations
u=u, andv=u, with a=3%, »=3, n,=1, b=Ag, and«
=0, or circular polarizationsi=u,=(uy+iu,)/v2 and v
=u;=(ux—iuy)/v2 with a=2, =0, n,=2/3, b=0, and
x=Ap, Eqgs.(1) describe the pulse evolution in birefringent
fibers. For this case, Egél) admit two families of the fun-
damental soliton states. One is the slow soliton

Uis= V2(B—k)sect v2(B—K)T], (93

vls=0

sistent with the numerical stability analysis presented in Ref.
[18].

VI. STABILITY OF SOLITON STATES IN BIREFRINGENT
NONLINEAR WAVEGUIDES

Now we examine the stability of the fundamental soliton
states in birefringent nonlinear planar waveguides for which
the parameters in Eq9l) take a=A, n=A/2, n,=1,
b<0 andx=0 [20]. The stationary soliton states of corre-
sponding Eqs(3) can have TE type,

Us=V2(B+|b|)sect v2(B+|b|)T], 0, 103

Vi1s=

T™ type
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. (aA+1-1)°+4
B_Bce_—(\/m_l)z_4

These analytical expressions coincide with those from the
numerical calculations.

To analyze the stability of the soliton states by the crite-
rion derived in Sec. Ill, we first need to identify whether the
soliton states in question are the fundamental soliton states,
i.e., whether operatdr of Eq. (5¢) has zero as its largest
eigenvalue, or whether

Ib. (12)

DD=—(A{Ly'A) (13
FIG. 3. Power P(=P/\/W) VS propagation constant
B(=pIIb)) in (@, andH(=H/[b|*? of Eq. (20) vs P in (b), for  Of the denominator of Eq7) is a positive quantity.
birefringent nonlinear planar waveguides witk=3. The solid
curves represent stable solitons, dashed curves unstable soliton A. Stability of the TE soliton

states, and dashed-dotted curves higher order soliton states. . Loy 0 . )
For the TE soliton,L o[ ,* Lo,) IS @ diagonal operator.

Up=0, — 2(8=Tb])secH \2(B—=TbDT], The eigenvalues of Lo,=3(9%/dT%)—pB—|b|+2(B
1 f1s (B~ IbDsectv2(5=[bI)T] (10  +Ib))seckV2(B+[b) T and Log=3(%/dT?)~B+|b|
+A(B+|b|)secky2(B+[b|) T determine the eigenvalues of
and linear and elliptical polarization@;;#0 anduv,s#0) Lo. Loy has the zero as its largest eigenvalsmcel g U4
that are obtainable only numerically. The linear and ellipti-=0), andL yq is found analytically to have its largest eigen-
cally polarized soliton states may bifurcate from either thevalue smaller than zero wheh<2 and 8> B, (the bifur-
TE or TM soliton, depending on the valuk. For 0<A  cation point for the elliptically polarized solitdnThis means
< 2/3, both linearly {) and elliptically €) polarized soli- that the TE soliton is a fundamental soliton, and the stability
tons branch out from the TE soliton as shown in Fig. 3 forcriterion of Sec. Il is applicable wheA<2 and 8> ...
A=3: when3<A<2, the elliptically polarized soliton state For this TE soliton, operatdr ;= glu E 1 has two positive
bifurcates from the TE soliton and the linearly polarized So”'eigenvalues, for both Ly,= %(&2/5%2)_18_ Ib|+6(8

ton st.ate _branches out from_the ™ sollt(n_:eg Fig. 4 for +|b])secRV2(BLB)T and L= (2T~ B+|b|

A=1); while 2<A<x, both linearly and elliptically polar- . .

. . . . . +3A(B+|b|)secik2(B8+[b])T have a positive eigenvalue,

ized solitons bifurcate from the TM soliton with the case of ) ;

A=4 illustrated in Fig. 5. Although the exact soliton solu when O0<A<2/3 for f<fc_ (the bifurcation value of the
9. > 9 linearly polarized solitonand when 2/3xA<2 for any 8

tions with linear and elliptical polarizations require numeri- ,_~" ; ; : .
cal approach, their bifurcation points can be derived analyti:(> |b| above which the TE soliton existsThe TE soliton

cally by a perturbation metho27]. The bifurcation of IS then unstable within @A<2/3 andfce< <. (identi-

: ; : e . fied by the dashed curve in Fig. 3 fév=3), and within
ts(s)rl1|t((:cr;é‘uvrvsltgtthe linear polarization from the TM or TE soli <A<2 andB> f.. (see, e.q., Fig. 4 foh=1). On the other

hand, within 6<A<2 for 8> .. L, has only one positive

oA A 4.2 eigenvalue(as L4, still has one positive eigenvalue, i.e.,
,3=,3c|_=i( 12A+1-1)"+4 Ib|, (11) du1s/dT=0, but Loy has no positive eigenvaluedP/dg
(VI2A+1-1)%2—4 (=V2/(B+|b|))>0 then indicates that the TE soliton is

stable within 6<A<2/3 andB> B;, . This is shown graphi-
and the elliptical polarized soliton state branches out frorrcally in Fig. 3 for A=3, marked by the solid curve. These
the TM or TE soliton at predictions from stability criterion are confirmed by numeri-
cal simulations to Eqg1).

B. Stability of the TM soliton

Analytic analysis similar to that performed for the TE
soliton reveals that operatdr, for the TM soliton has no
positive eigenvalue, and it is thus the fundamental soliton
within 0<A<2 for any 8 (>|b| above which the TM soli-
ton exist$, and within 2<A<w for 8<B... The stability of
the TM soliton in these regions is then determined by the
number of positive eigenvalues bf and the sign ofl P/dg.

I VY OperatorlL ; for the TM soliton has only one positive eigen-
0 2 4P%5c06 10 value in 0<A<$ for any 8(>|b|) and in§<A< for g8
(b <B.L, Whereas it has two positive eigenvalues in<2/8

<o for B>pB, . We then conclude thatdP/dg
FIG. 4. Same as Fig. 3, but with=1. (=V2/(B—|b]))>0 indicates the stable TM soliton when
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>0(<0) indicates a stabléunstablg linearly polarized soli-
ton. The stability feature of the linearly polarized soliton
within different regions 8<A<2/3, 2/3<A<2 and XA
< are shown in Figs. 3, 4, and 5 f&r=3%, 1, and 4. These
predictions are consistent with numerical calculations.

VII. DISCUSSION

A. Conjectured stability criterion of minimum H of Eq. (2¢)

In studying soliton states of birefringent nonlinear planar
waveguides, Ref[20] proposed a stability criterion by as-
suming that the soliton state with minimum Idf of Eq. (2¢)

FIG. 5. Same as Fig. 3, but with=4. in the H—P diagram is stable. This conjectured criterion
happens to single out some stable soliton states, determined

0<A<2/3 for any B(>|b|) and when 2/ZA<= for 8 b_y the dP/dg criFerion along with the nl_meer of positive
<B.., whereas the TM soliton is unstable when 2/8 eigenvalues of ; in the three examples given. H.O\_/veve.r, for
<2 for any 8> B, and when 2 A< for By <A< Bee. the fundam_ental solitons th_at do not h_aV(_e a minimidnin
These distinctive stability characteristics of the TM solitonth® H—P diagram, the conjectured criterion gives either a
within three regions BA<2/3, 2/3<A<2 and 2<A<x false prediction or no prediction of the stability of the soliton
are illustrated diagrammatically in Figs. 3, 4, and 5 for theStates. , ,
cases ofA=1%, 1, and 4, where the dashed curves represent Cc_)nsu_jer the first example of the nonI|r_1ear coupler. The
the unstable soliton and the solid curves stand for the stablg@miltonianH of Eq. (2¢) versus energy> diagram of Fig.
soliton. Again, the predictions from the stability criterion 1(b) for the nonlinear coupler indicates that the class | soli-
conform to the numerical stability analysis of Eqs). ton has minimunH from P/\/k=0 to P/ /x=4.569 or from
Blk=1 to B/k=1.6524 and abové/\x>4.569 or B/«
>1.9534 the class Il soliton state has a minimtin This,
_ o o according to the conjectured criterion, implies that the class |
Operatorl q for the solitons with linear and elliptical po-  and |1 soliton states are stable in the corresponding parameter
Ignzanons is not dlagonal; it is therefore co.n\_/ement to 'de_n‘ranges, and that they can be unstable beyond the regions.
tify the fundamental soliton states by examining the quantityjowever, based on theP/d criterion of Sec. Il in addi-
DD of Eq. (13). Writing Q=L "A andA=L,Q, we have  tjon to these regions the\/c_lass | soliton state is stable even
_ above B/k>1.6524 orP/\x>4.569 up to the bifurcation
DD=—(Qi|LoQ)- (14) point B/k=B./k=5/3=1.6667 or P/\k=4.619, and the

Substitution 0fQ=[q; ,d,]; andL, of Eq. (5¢) into Eq.(14)  class Il soliton state is stable even belgiixk<1.9534 or

C. Stability of linearly and elliptically polarized solitons

produces P/\k<4.569, continuing tg3/«x=1.85 orP//k=4.555, at
which P is at a minimum. These stability characteristics of
11 g g.\? 1 d gp\2 soliton states in the nonlinear coupler predicted by the
DD= f_m 2 | Ust o7 Uy to st Vo, dP/dg criterion are completely in agreement with numerical

stability analysis reported in Ref17].
5 Another example is birefringent nonlinear planar
ENA(05101~ Us02) 7| dT, (15 waveguides. Apart from elliptical polarization, soliton states
in birefringent nonlinear planar waveguides far=4 have
with the upper sign for the linear polarization and the lowerthe bifurcation characteristic of Fig. 5, similar to that in the
sign for the elliptical polarization. Equatiofl5) indicates nonlinear coupler of Fig. {where the antisymmetric soliton
DD>0 (n,A>0) for the linear polarization, whereas the corresponding to the TE soliton of Fig. 5 is not inclugled
positiveness oD D for the elliptical polarization is not guar- BetweenP=0 and 1.268 o3=1 and 1.201, the TM soliton
anteed because of the minus sign in front of the last termhas the minimumH of Eq. (2¢), and aboveP>1.268 or3
This means the linearly polarized soliton is a fundamental>2.1 the linearly polarized soliton has the minimdtn Ac-
soliton, but the elliptically polarized one is not. cording to the conjectured criterion of minimuidh, the TM
To ascertain the stability of the linearly polarized soliton soliton and the linearly polarized soliton are stable within the
by the stability criterion of Sec. Ill, we now must examine corresponding regions, and they can be unstable outside the
operatorlL ;. By taking the limit of 3—c0, we find analyti- regions. ThedP/dg criterion indicates that, in addition to
cally thatL, has two positive eigenvalues wher<@®< 2, these regions, the TM soliton is stable even beyghd
and one positive eigenvalue when 2/8<. Since there is >1.201 orP>1.268 up to the bifurcatio= B, =1.25 or
no bifurcation overB, <B<w, this means that over the P=v2, and the linearly polarized soliton state is stable even
whole region of its existencg, <B<x L, for the linearly  below f<2.1 or P<1.268 up to>1.6 or P=1.21, at
polarized soliton has two positive eigenvalues when0  which P is at a minimum. These predictions accord with
<2/3 and one positive eigenvalue whéretA<w (Appen- numerical stability analysis. The conjectured criterion of
dix B). We then have the unstable linearly polarized solitonminimum H clearly cannot identify these stable branches
within 0<A<% for any B>, , and withA>2% dP/dB  that do not have a minimurH.
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Similarly, according to the conjectured criterion, =3  dP/dB. Examples of the application of the stability criterion
only the TM soliton is stabl¢Fig. 3b)], and forA=1 the to fundamental soliton states in nonlinear couplers, birefrin-
TM soliton is stable belowB< 8., and the linearly polarized gent fibers, and birefringent nonlinear planar waveguides
soliton is stable abovg> B, [Fig. 4b)]. These conclusions were given. The predictions from the stability criterion
again happen to agree with those drawn from the stabilitagreed with the numerical calculations.
criterion derived in Sec. lll. Nevertheless, beyond these pa-

rameter ranges the criterion of minimum of the Hamiltonian APPENDIX A

H cannot conjecture the stability of the fundamental solitons, .

e.g., the TE soliton, which do not have minimurh and We prove here that the sign of the numerator

may reckon them to be unstable. The prestRtdg crite- y2~G=maxA]L,A) (A1)

rion can ascertain unequivocally that withink®<2/3 the

TE soliton is stable f0W>1,3c|_ and is unstable foB..>8  of Eq. (7) is decided by the number of positive eigenvalues
> Bee (see Fig. 3, withA=3), and that within 2/3A<2 the  of L, and the sign oflP/dg. According to the method of
TE soliton is unstable foB> B.¢. In short, the criterion of indeterminate Lagrange multipliers, maximization of quan-

minimum HamiltonianH can possibly identify part of the tity (A;|L;A) in Eq. (A1) is equivalent to solving the equa-
stable branches predicted by the criterion derived in Sec. llljon

but it cannot reveal, or gives an incorrect prediction of, the
stability characteristic of the fundamental solitons that do not L;F=\F+qS (A2)

have minimumH. . . .
for the largest eigenvalug, which together with constart

is determined by the conditions of orthogonality;|S)=0

B. Stability near threshold and linearly growing perturbation N .
Y e gp and normalizatioq F|F) = 1. Expanding

Based on the linear stability analysis, the signdéf/dg3
determines the stability of the fundamental solitons of the
coupled nonlinear Schdinger equations, when operatog F=2 anFm, (A33)
has one positive eigenvalue. Althoudt/d3>0 (<0) in-
dicates a stabléunstablg soliton state, the degree of the x
stability (instability) may differ from point to po?nt in the S=> ciFm (A3b)
P-B curve. Near the thresholdP/dB=0, the soliton state m=1
associated witll PdB>0 may have a weak stability, and its i . .
stationary propagation can be destroyed by a large perturb& Ed. (A2) in the complete set of eigenfunctiofig, of the
tion, as a consequence of shifting a soliton state from a stabfperatorL; gives rise tdF=q=_;CpFm/(Am—\), with A,
region to an unstable region, because of its small stabilityhe eigenvalues df; . This expansiorf, substituted into the
region. Such shifting can possibly be caused by the exisorthogonality condition(F;|S)=0, produces an equation for
tence, for any set of parameters, of linearly growing perturdetermining,
bation solutions

® 2
Cm
A(T,2)=A(T)z+Ao(T), B(T,2)=By(T)z+By(T) qg(>x)=qm21 n O (A4)
(16) B
. . , whereq=0 only when\ =\, with the eigenfunction ot ;
o the linearized equations orthogonal toS. Equation(A4) indicates that the largest
IA JB must either lie between the largest eigenvalyg and the
—=—-L¢B, —=L4A, (17) second largest eigenvalug, of operatorL ; with the eigen-

oz 0z functions nonorthogonal t§, or be equal to the largest ei-

envalue\, of L, with the eigenfunction orthogonal t8.

hat is, the number and character of the positive eigenvalues
of L, determine the sign of the largest eigenvalueg=rom
Egs.(3), we havel ;(dS/dT)=0. This means thdt; has a
: . . Sero eigenvalue with the eigenfunctid®/dT that is not the
exponentially growing perturbation, but merely transform the,

; ; ; : - . fundamental eigenfunction df;. ThusL, has at least one
soliton to a neighboring soliton state, similar to a single non-

linear Schidinger equatior{4]. In our analysis, we have positive eigenvalue for its fundamental eigenfunction nonor-

. . o - L thogonal toS. If L, has one and only one positive eigen-
ignored this type of trivial instability, as it is beyond the value, the sign of the largest=\ ..., and consequenti@
scope of the present paper.

and the stability is then determined by the sigrg@®). This
is because Eq(A4) indicates that\ ,,,>0 wheng(0)<O0,
VIIl. CONCLUSIONS andX ,,,<0 wheng(0)>0. g(0) here is related to the power

— 2 2
We proved by operator theory that the stability of the©F €NergyP=JZ..(Jui*+[v1s*)dT by
coupled fundamental soliton states of the two coupled non- > 2 1dp
linear Schrdinger equations is determined by the number of 0)= M (SILIiSY =(S]9S98) = = —
positive eigenvalues of operatbr, (which changes only at 9(0) mE:l Am (SlL79)=(S| A 2dg’
bifurcation of the linearized equations and the sign of (A5)

which may manifest in the absence of exponential growin
perturbation(whendP/dB8>0, andL, has one positive ei-



57 STABILITY CRITERION OF COUPLED SOLITON STATES 3549

. . I 3
where expansiofiA3b), along with its derivation where 85— [;51] (59)%= [5usl (58)3:[‘;”31 D,
o Us1
—n.r3 (oz+ ) — —
> )\_m =L;’s, B6) =Ny sy ) Do~ §. De=ny(a
m=1

+ 7). Dy=0.8ny(ax7)d, S=[,*], and I=[7 gl.

was used in establishing the second equality, and the relatioFhe terms on the right hand side of E&2) are of higher

L,0S9B=S, obtained from differentiating equations), order, compared with those on the left hand side. ;lfdoes

was invoked in establishing the third identity. In E¢a5)  not have an eigenvalue with zero eigenvalu&gj3,), 6Sis

and (A6), the inverse operatdr; ! taken is justified by the qualitatively the same &. From Eq.(B2), this solutiondS,

fact that the expansio8 in terms of eigenfunctions,, does  (© the first order, is of the form

not involve eigenfunctionlS/d T of L, with zero eigenvalue 5S= 55|_1*150_ (B3)

(A,=0) because of orthogonalit,=(S|dSdT)=0. From

Eq. (A5), it follows thatd P/d3>0 corresponds to the stable On the other hand, it; has a zero eigenvalue;G=0 at

soliton state ag(0)>0 givesh <0 (G~ y2<0), whereas So(Bo). the solution to Eq(B2), to first order, is

dP/dB<0 is associated with an unstable soliton state be- _ -

causeg(0)<O0 yieldS\ ;5,0 (G~ y?>>0). 5S=5pL; 'St oG, (B4)
On the other hand, i ; has two(or more positive eigen-  with o a constant. Multiplying Eq(B2) by G, and perform-

values, the largest must either lie between the two largest ing subsequent integration, we have

positive eigenvalueng; and \g, of operatorL, with the

eigenfunctions nonorthogonal &) or be equal to the largest Q=— 513J' GtSOdTZJ G,® dT, (B5)

positive eigenvalua y of L, with the eigenfunction orthogo-

nal toS. In either case, the largest= \ 5 must be positive;  here d represents all the higher order terms on the right

thereforeG~»*>0 and the soliton stat&=[uys,v16]i IS hand side of Eq(B2). Since terms— 88S, and ® are of

unstable. different orders, the equality of EGB5) is meaningful only

when the quantityQ=0. This meanss is orthogonal toS,
APPENDIX B and orthogonal toV = 5,6’L1‘180. On the other hand, substi-
tution of §S=V+0¢G=8BL; 'S+ 0G into Q=[GddT

We show here that the number of positive eigenvalugs  _ yields

of the coupled nonlinear nonlinear ScHioger equations
changes at bifurcation where new families of soliton states
emerge. When the number of positive eigenvalued. pf
changes, one of the eigenvalues lof must pass through
zero, i.e.,L; has a zero eigenvalue;G=0. Proof of the —D3(¥+0G) J(¥+0G)

change of the number of positive eigenvalues pfat bifur- _

cation is then equivalent to prove that new families of soliton ~D¥+0G)(V+0G) (¥ +0G)]dT=0. (BE)
states emerge when a stationary soliton s&&teat which  Equation(B6) is a cubic polynomial equation yielding up to
L,G=0, changes td5;,+ 8S, as B varies from By to By three solutions ofr, and consequently up to three solutions

f G B(¥+0G)—Dy(¥+0G)2—Dy(¥+0G)°®

+ 8. 6S. We then have bifurcation. This indicates that bifurcation
We write soliton state§ at B3, slightly deviated from the occurs wherl ; has a zero eigenvalue, i.e., whiepchanges
state ofS; at B, in the form of the number of positivénegative eigenvalues.
Consider examples in the tex®, is a symmetric(even
S=S+65, (Bla) function, andG is an antisymmetri¢odd) function. Equation
(B6) giveso=0 and8S= 88L ;1S for one soliton state, and
B=PBo+ 35, (B1a ¢ Plo
8BS~ .G[G—2D(GL] 2D5(GJIL dT

which, substituted into Eqs3), give g2z PTGl 1(GL; "S) ~2D5(GulL, 'Sy)]

J= .G D,G3+ GD,4(G,JG)]dT
L,6S— 68Sy= 6B8S—D4(5S)?—Dy(5S)%—D365J6S
! BS= 0B 1(69) 2(09) 305 and 6S= 5,8L1_18+ oG for the other bifurcating soliton so-
—D48S6S.J6S, (B2) lutions.
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